A hydraulic jump is characterized by some strong turbulence and air entrainment in the roller. New measurements were performed in two channels in which similar experiments with identical inflow Froude numbers and relative channel widths were conducted with a geometric scaling ratio of 2:1. Void fraction distributions showed the presence of an advection/diffusion shear layer in which the data followed an analytical solution of the diffusion equation for air bubbles. The data indicated some scale effects in the small channel in terms of void fraction and bubble count rate. Void fraction distributions implied comparatively greater detrainment at low Reynolds numbers yielding to lesser overall aeration of the jump roller. Dimensionless bubble count rates were significantly lower in the smaller channel especially in the mixing layer. The study is believed to be the first systematic investigation of scale effects affecting air entrainment in hydraulic jumps using an accurate air-water measurement technique.
Introduction
In an open channel, the transition from super-to sub-critical flow is a flow singularity, called hydraulic jump, that is characterised by a sharp rise in free-surface elevation, strong turbulence and air entrainment in the roller (Figs 1 and 2 ). Although the hydraulic jump has been investigated experimentally for nearly two centuries, little information is available on the air-water flow properties in the jump flow. Historically air entrainment in hydraulic jump was investigated in terms of the air demand (Kalinske and Robertson, 1943; Wisner, 1965) . Contributions on the airwater flow properties included Rajaratnam (1962) , Resch and Leutheusser (1972) , Chanson (1995) , Mossa and Tolve (1998) , Chanson and Brattberg (2000) , and Murzyn et al. (2005) . These studies however did not investigate specifically possible scale effects affecting the air entrainment and advection processes. 
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This study presents new experimental results to compare these with existing data and to present new compelling conclusions regarding air entrainment and air-water flow properties in hydraulic jumps. Similar experiments were repeated in two flumes with identical inflow Froude numbers and relative channel widths, and the results provide new informations on scale effects affecting void fraction and bubble count rate distributions. The study is focused in the developing flow region (i.e. (x − x 1 )/d 1 < 25) of hydraulic jumps with partially-developed inflow conditions.
Dimensional analysis and similitude
Analytical and numerical studies of the air-water flow properties in hydraulic jumps are difficult considering the large number 36 Chanson and Gualtieri of relevant equations. Experimental investigations of air-water flows are often performed with geometrically similar models, but model studies must be designed based upon a sound similitude. For a hydraulic jump in a horizontal, rectangular channel, a simplified dimensional analysis points out that the parameters affecting the air-water flow properties at a position (x, y, z) are:
(a) the fluid properties such as the air and water densities ρ air and ρ w , the air and water dynamic viscosities µ air and µ w , the surface tension σ and the gravity acceleration g, (b) the channel properties including the width W , (c) the inflow properties such as the inflow depth d 1 , the inflow velocity V 1 , the characteristic turbulent velocity u 1 , and the boundary layer thickness δ.
Therefore the air-water flow properties may be expressed as:
where C is the void fraction, F is the bubble count rate, V is the velocity, u is a characteristic turbulent velocity, x is the coordinate in the flow direction measured from the nozzle, y is the vertical coordinate, z is the transverse coordinate measured from the channel centreline, and x 1 is the distance from the upstream gate (Fig. 1 ). In addition, biochemical properties of the water solution may be considered. If the local void fraction C is known, the density and viscosity of the air-water mixture may be expressed in terms of the water properties and void fraction, hence the parameters ρ air and µ air may be ignored. Since the relevant characteristic length scale is the upstream flow depth d 1 , Eq. (1) may be transformed in dimensionless terms:
In Eq. (2a), the dimensionless air-water flow properties (left handside terms) at a dimensionless position
are expressed as functions of the dimensionless inflow properties and channel geometry. In the right handside of Eq. (2a), the fifth, sixth, and seventh terms are the inflow Froude, Weber and Reynolds numbers, respectively. Any combination of these numbers is also dimensionless and may be used to replace one of the combinations. In particular one parameter can be replaced by the
w /(ρ w * σ 3 ). The Morton number is a function only of fluid properties and gravity constant, and it becomes an invariant if the same fluids (air and water) are used in both model and prototype: Notes:
: distance between the upstream gate and jump toe.
Dynamic similarity and scale effects
In a geometrically similar model, true dynamic similarity is achieved if and only if each dimensionless parameters has the same value in both model and prototype. Scale effects may exist when one or more dimensionless terms have different values between model and prototype.
In the study of free-surface flows including the hydraulic jump, a Froude similitude is commonly used (e.g. Henderson, 1966; Chanson, 2004) . That is, the model and prototype Froude numbers must be equal. But the entrapment of air bubbles and the mechanisms of air bubble breakup and coalescence are dominated by surface tension effects, while turbulent processes in the shear region are dominated by viscous forces. Dynamic similarity of air entrainment in hydraulic jumps becomes impossible because of too many relevant parameters (Froude, Reynolds, and Morton number) in Eq. (2) . But no systematic study was yet conducted to assess the extent of scale effects affecting air entrainment in hydraulic jump flows.
It is worth commenting that the above analysis does not account for the characteristics of the instrumentation. The size of the probe sensor, the scanning rate and possibly other probe characteristics do affect the minimum bubble size detectable by the measurement system. Up to date, all systematic studies of scale effects affecting air entrainment processes were conducted with the same instrumentation and sensor size in all experiments. The probe sensor size was not scaled down in the small size models. The present study is no exception and it is acknowledged that this aspect might become a limitation.
Experimental channels and instrumentation
New experiments were performed in the Gordon McKay Hydraulics Laboratory at the University of Queensland ( Table 1 ). The first channel was horizontal, 3.2 m long and 0.25 m wide. Both bottom and sidewalls were made of 3.2-m-long glass panels. This channel was previously used by Chanson (1995) and Chanson and Brattberg (2000) . The second channel was horizontal, 3.2-m-long and 0.5 m wide. The sidewalls were made of 3.2-m-long glass panels and the bed was made of 12-mm-thick PVC sheet. Both channels were fed by a constant head tank. 38 
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Further details on the experiments were reported in Chanson (2006) .
Instrumentation
In the narrow flume, the flow rate was measured with a 90
• V-notch weir which was calibrated on-site with a volume-pertime technique. In the 0.5-m-wide channel, the water discharge was measured with a Venturi meter which was calibrated in situ with a large V-notch weir. The percentage of error was expected to be less than 2%. The water depths were measured using rail mounted pointer gauges with an accuracy of 0.2 mm.
The air-water flow properties were measured with a single-tip conductivity probe (needle probe design). The probe consisted of a sharpened rod (platinum wire Ø = 0.35 mm) which was insulated except for its tip and set into a metal supporting tube. It was excited by an electronic system (Ref. AS25240) designed with a response time less than 10 µs and calibrated with a square wave generator. The probe vertical position was controlled by a fine adjustment system with an accuracy of 0.1 mm.
A sensitivity analysis was performed to assess the effects of sampling duration T scan and sampling rate F scan on the hydraulic jump air-water properties, namely the void fraction and bubble count rate. The sensitivity tests were conducted with sampling times within 0.7 s ≤ T scan ≤ 300 s and a sampling frequency between 600 s ≤ F scan ≤ 80,000 Hz. The results showed that the sampling frequency had little effect on the void fraction for a given sampling duration, but the bubble count rate was drastically underestimated for sampling rates below 5-8 kHz. Furthermore the sampling duration had little effect on both void fraction and bubble count rate for scan periods longer than 30 s to 40 s. In the present study, the probe was scanned at 20 kHz for 45 s at each sampling location.
Additional informations were obtained with digital cameras Panasonic™ Lumix DMC-FZ20GN (shutter: 8-1/2000 s) and Olympus™ Camedia C700 (shutter: 4-1/1000 s), and a digital video-camera Sony™ DV-CCD DCR-TRV900 (speed 25 fr/s, shutter: 1/4-1/10,000 s).
Experimental procedure and inflow conditions
Preliminary clear-water velocity measurements were performed in both flumes using a Prandtl-Pitot tube (Ø = 3.3 mm). The results showed that the supercritical inflow in both flumes was partially-developed for all investigated flow conditions ( Table 1) . The relative boundary layer thickness δ/d 1 was about 0.5-0.6 depending on the inflow conditions.
The two channels were designed to be geometrically similar based upon a Froude similitude with undistorted scale. The geometric scaling ratio was L r = 2.0 between the narrow and wide channels, where L r is the ratio of prototype to model dimensions. Similar experiments were conducted for identical Froude numbers 
Basic flow patterns
A hydraulic jump is a sudden transition that is characterized by the development of large-scale turbulence, surface waves and spray, energy dissipation, and air entrainment. At the jump toe, air bubbles, and air packets were entrained into a free shear layer characterized by intensive turbulence production, predominantly in vortices with horizontal axes perpendicular to the flow direction (Figs 1 and 2 ). Air entrainment occurred in the form of air bubbles and air pockets entrapped at the impingement of the upstream jet flow with the roller. The air packets were broken up in very small air bubbles as they were advected in the shear region. Once the entrained bubbles were advected into regions of lesser shear, bubble collisions and coalescence led to larger air entities (bubbles, pockets) that were driven by buoyancy towards the free-surface. In the recirculating region, unsteady flow reversal and recirculation were observed. The location of the jump toe was consistently fluctuating around its mean position and some "vortex shedding" was observed in the mixing layer.
The position of the hydraulic jump toe fluctuated with time within a 0.2-0.4-m range depending on the flow conditions. Pulsation frequencies F toe of the jump toe were typically about 0.5-2 Hz for the present study. Similitude and scale effects of air entrainment 39
Effects of Reynolds number on air-water flow patterns
When experiments with identical inflow Froude numbers were repeated in both channels, the hydraulic jump flows appeared visually more energetic in the large flume at the larger Reynolds number. This was seen using high-shutter speed photographs (Fig. 2) . Figure 2A shows a photograph taken in the small flume. Little air-water projections and comparatively larger entrained air bubbles were observed. Figure 2B illustrates the same jump in the large channel with an identical inflow Froude number (Fr 1 = 6.5) but a larger Reynolds number. The amount of air-water projections above the jump roller was larger at the highest Reynolds number. This was associated with significant spray, splashing and waves that sometimes overtopped the channel walls. During the experiments, some spray droplets were seen at heights of more than 0.5-1 m above the invert, in the large channel. In contrast, little spray was observed in the small channel.
Distributions of void fraction and bubble count rate
A hydraulic jump with partially-developed inflow is characterized by a turbulent shear layer with an advective diffusion region in which the air concentration distributions exhibit a peak in the turbulent shear region (Resch and Leutheusser, 1972; Chanson, 1995; Chanson and Brattberg, 2000; Murzyn et al., 2005) . This feature is sketched in Figure 1 . The bubble diffusion region is very similar to that observed in two-dimensional plunging jet flows (Cummings and Chanson, 1997a, b; Brattberg and Chanson, 1998) . A similar advective diffusion layer was observed in the present study and it is documented experimentally in Figs 4 and 5. Figure 4A presents some longitudinal variation in void fraction distributions for one experiment. In the air diffusion layer, the peak void fraction C max decreased with increasing distance (x − x 1 ) from jump toe, while the diffusion layer broadened (Fig. 4A) . The interactions between developing shear layer and air diffusion layer are complicated, and they are believed to be responsible for the existence of a peak F max in bubble count rate seen in Fig. 4B . Experimental observations showed that the Data (x-x1)/d1=8.4
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Theory (x-x1)/d1=16. location where F = F max did not coincide with the locus of maximum void fraction. In the air diffusion layer, the analytical solution of the advective diffusion equation for air bubbles yields the void fraction profile (Chanson, 1997; Cummings and Chanson, 1997a) :
where Q air is the volume flow rate of entrained air, Q w is the water discharge, D # is a dimensionless diffusivity:
, D t is the turbulent diffusivity which averages the effects of turbulent diffusion and of longitudinal velocity gradient. Equation (3) is valid for both two-dimensional supported plunging jet and hydraulic jump flows. In practice, experimental data showed that the void fraction profiles were best predicted by an approximate expression:
where C max is the maximum air content in the turbulent shear layer region measured at y = Y C max above the bottom (Fig. 1) . Equation (4) is compared with experimental data in Figs. 4 and 5. Values of C max and D # for the best data fit are summarised in Appendix A. Overall, the order of magnitude was consistent with the earlier studies of Chanson (1995) and Chanson and Brattberg (2000) .
In the present study Eq. (4) was observed only for Re 1 > 2.5E + 4. For lower inflow Reynolds numbers, the rate of air entrainment was weak and rapid air detrainment destroyed any organised advective diffusion layer (Fig. 5A) . 40 
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Effects of Reynolds number
Similar experiments were repeated with identical inflow Froude numbers Fr 1 and relative channel width W/d 1 , but different inflow Reynolds numbers Re 1 . The results showed systematically that the void fraction distributions had a similar shape in the advective diffusion layer, but for Re 1 = 2.5E+4. In the small channel and for the lowest Froude number (Fr 1 = 5.1, Re 1 = 2.5E+4), the advective diffusion layer was not observed because the flow was not energetic enough and the bubble de-aeration process was dominant.
The longitudinal variations in void fraction distributions showed some de-aeration associated with an upward shift of the advective diffusion layer (Fig. 4A) . The de-aeration rate was greater for a given inflow Froude number in the small flume as illustrated by comparing Fig. 5A and 5B which present results for identical Froude numbers but different Reynolds numbers. Further lesser dimensionless bubble count rates were recorded in the small channel at the smaller Reynolds numbers, particularly in the air-water mixing layer. For Fr 1 = 6.5 and Re 1 = 2.7E + 4, the dimensionless bubble count rate F * d 1 /V 1 was nearly 10 times smaller then that measured in the large flume with Fr 1 = 6.5 and Re 1 = 7.1E+4 ( Fig. 5A and 5B). For Fr 1 = 8.5, the dimensionless bubble count rates in the small channel were about 2 times smaller than those recorded at larger Reynolds number in the large flume. Figure 5 illustrates the effects of the Reynolds number on the dimensionless distributions of void fractions and bubble count rates at one cross-section (i.e. (x − x 1 )/d 1 = 12)) for three different inflow Froude numbers. Figure 5A presents the experimental data in the small channel and Fig. 5B shows the data in the large flume. In the advective diffusion layer, void fraction data are compared with Eq. (4).
In summary, present experiments demonstrated consistently some scale effects in terms of void fraction and bubble count rate distributions in the small channel with Re 1 < 4E +4 for identical Froude numbers Fr 1 (5 ≤ Fr 1 ≤ 8.5) and relative channel width W/d 1 . This is illustrated in Fig. 5 presenting comparative void fraction and bubble count rate distributions in the developing flow region of hydraulic jumps with partiallydeveloped inflow.
Discussion: characteristics of the advective diffusion layer
Measured locations of maximum void fraction C max and maximum bubble count rate F max , and associated air-water flow properties, are summarised in Fig. 6 . The tabular data are reported in Appendix A. In Fig. 6 , experimental flow conditions are documented in the legend.
The maximum air content in the shear layer region decreased with increasing distance from the jump toe. The data followed closely some exponential decay functions as shown by Chanson and Brattberg (2000) and Murzyn et al. (2005) . Similarly, the maximum bubble frequency was observed to decay exponentially with the distance from the impingement point. Experimental results in terms of maximum void fraction and maximum bubble count rate are shown in Figs. 6A and 6B. In and Brattberg (2000) obtained with a finer probe sensor (Ø = 0.025 mm) and the empirical correlation that they derived:
Despite some general agreement with earlier data sets and empirical correlations, Fig. 6A and 6B illustrate some effect of the Reynolds number on air-water flow properties. In both Figs. 6A and 6B, the data in the upper part of the graphs correspond to the largest Reynolds numbers (white symbols), while the fastest decay in maximum void fraction and count rate occurred for the experiments with the lowest Reynolds numbers (dark symbols). It is worth commenting that Eq. (5) does not fit the present data and that it does not take into account the effects of the Reynolds number. 42 
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The experimental observations showed systematically that the locus of maximum void fraction Y C max was always higher than the location of maximum bubble count rate Y F max . This is shown in Figs. 6C and 6D which present the experimental data in terms of Y C max /d 1 and Y F max /d 1 , respectively. The non-coincidence of the locations of maximum void fraction and bubble count rate was previously observed in hydraulic jumps (Chanson and Brattberg, 2000) , in vertical supported plunging jets (Brattberg and Chanson, 1998 ) and in vertical circular plunging jets . These studies suggested that the finding was related to a double diffusion process whereas vorticity and air bubbles diffuse at a different rate and in a different manner downstream of the impingement point. There would be some dissymmetry in turbulent shear stress across the bubbly flow region which would influence the characteristic bubble size and hence the number of bubbles for a given void fraction in the advective diffusion region.
Present data are compared with earlier experimental data and the empirical correlations of Chanson and Brattberg (2000) :
Note that, in both Figs. 6C and 6D, the upper part of the graph corresponds to the lowest inflow Reynolds number experiments (dark symbols).
Summary and conclusion
New measurements were performed in the air entrainment region of hydraulic jumps with partiallydeveloped flow conditions ( Table 1) . The experiments were performed in two channels in which similar experiments with identical inflow Froude numbers and relative channel widths were conducted with a true geometric scaling ratio of L r = 2 (i.e. 2:1 scale). The experimental investigations were conducted for 5 ≤ Fr 1 ≤ 8.5, 2.5E + 4 = Re 1 = 9.8E + 4 and W/d 1 ≈ 20. The study Appendix: Air diffusion layer characteristics in hydraulic jump with partially-developed is believed to be the first systematic investigation of scale effects affecting air entrainment in hydraulic jumps with an accurate air-water metrology. Void fraction distributions showed the presence of an advection/diffusion shear layer in which the air concentration distributions followed an analytical solution of the diffusion equation for air bubbles. A similar pattern was previously observed in hydraulic jumps. However present results demonstrated that the advective diffusion layer was observed only for Re 1 > 2.5E + 4. For smaller inflow Reynolds numbers, the air entrainment rate was relatively weak and air detrainment tended to dominate the air-water flow pattern. The results showed some scale effects in the small hydraulic jumps in terms of void fraction and bubble count rate. Void fraction distributions implied comparatively greater detrainment at low Reynolds numbers yielding to lesser overall aeration of the jump roller. Dimensionless bubble count rates were significantly lower in the smaller channel, especially in the mixing layer. The finding has direct implications on the scaling of bubble counts and interfacial areas that are proportional to the bubble count rates. Present results imply that small size model results would underestimate both bubble count rates and air-water interfacial areas.
This study complements earlier works. It shows that the hydraulic jump is a fascinating two-phase flow that is still poorly understood. It is worth noting that the present study did not account for the characteristics of the instrumentation in the physical scaling. The size of the probe sensor, scanning rate and scan duration were identical in all experiments. 
